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ON THE HEEGAARD GENUS OF 3-MANIFOLDS OBTAINED BY
GLUING
TRENT SCHIRMER
Abstract. We introduce a new technique for finding lower bounds on the Heegaard genus
of a 3-manifold obtained by gluing a pair of 3-manifolds together along an incompressible
torus or annulus. We deduce a number of inequalities, including one which implies that
t(K1#K2) ≥ max{t(K1), t(K2)}, where t(−) denotes tunnel number, K1 and K2 are knots
in S3, and K1 is m-small. This inequality is best possible. We also provide an interesting
collection of examples, similar to a set of examples found by Schultens and Wiedmann [30],
which show that Heegaard genus can stay persistently low under the kinds of gluings we
study here.
1. Introduction
In this paper we study the way that Heegaard genus behaves when one glues two manifolds
M1 and M2 together along annuli or tori in their boundary to obtain a new manifold M .
In particular, we ask how low the Heegaard genus of M can be compared to the Heegaard
genera of M1 and M2. This is a questions which is easy to ask but difficult to answer, and
it has received a great deal of attention.
It is a well known result of Haken’s [4] that every Heegaard surface in a connected sum
M = M1#M2 (which can be regarded as a gluing along spheres) arises naturally as the
connected sum of Heegaard surfaces F1 and F2 for M1 and M2, respectively, and thus
g(M) = g(M1) + g(M2), where g(−) denotes Heegaard genus. The same can be said for
boundary connect sums M1#∂M2, which is an attachment of M1 to M2 along disks in their
boundary. However, as soon as we make the leap to gluings along surfaces of non-positive
Euler characteristic, the situation becomes more complicated and the volume of literature
on the subject is large. We briefly touch on a few developments that are of relevance to our
work here, without making any claim to completeness.
In the case that M1 and M2 are glued together along closed genus n surfaces in their
boundary, it is easy to see that g(M) ≤ g(M1) + g(M2) − n because one can simply amal-
gamate any generalized Heegaard splitting induced by Heegaard splittings of M1 and M2.
A great deal of results have been published which give conditions on the gluing map that
ensure that such splittings are the only minimal genus splittings of M , so that this upper
bound is actually attained. Scharlemann and Tomova’s paper [25] is a good early example of
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2 TRENT SCHIRMER
the combinatorial approach, Lackenby’s elegant paper [9] is a good example of the geomet-
ric approach to this problem, and there are many, many more recent papers on the subject
which are too numerous to name here.
On the other hand, it is often the case that Heegaard genus will be much lower. For ex-
ample, if we let M1 be a handlebody, and M2 be the closure of the complement of a regular
neighborhood of a graph in S3, we see that it is also possible to have a situation where
g(M) = g(M2) − g(F ) = 0. Lower bounds on g(M) have been found, however. Important
examples include those found by Schultens [29], Lei and Yang [10], and Derby-Talbot[3], and
the latter’s main theorem has hypotheses which correspond closely to the hypotheses of the
main theorem here. As far as existence is concerned, in the more restrictive case that the glu-
ing occurs along a pair of incompressible tori, Schultens and Wiedmann have found examples
where g(M) < (g(M1) + g(M2))/2, and more specifically g(M) = max{g(M1), g(M2)} − 1.
The extensive literature on the behavior of tunnel number of knots in S3 under connected
sum also falls under our umbrella here (Moriah’s survey [11] is a good place to start). The
tunnel number of knot K can be defined by t(K)+1 = g(E(K)), where E(K) is the exterior
of K, and E(K1#K2) is the annular sum of E(K1) and E(K2) along meridional annuli. Here
it is not difficult to see that t(K1#K2) ≤ t(K1) + t(K2) + 1, and analogously to the case of
gluings along closed surfaces, a great deal of work has gone into showing that this bound can
be acheived and the circumstances under which it is. Here papers by Moriah and Rubinstein
[12], Morimoto Sakuma and Yokota [14], and Kobayashi and Rieck [8] are a few of the earlier
papers establishing existence, and each uses a distinct approach. The work of Kobayashi and
Rieck in particular plays an important role in the construction of our links in Section 6 below.
On the lower end, the first example of a pair of knots in S3 for which t(K1#K2) < t(K1)+
t(K2) was found by Morimoto [15], and Kobayashi [7] soon after found that the difference
t(K1) + t(K2) − t(K1#K2) can be made arbitrarily large. Lower bounds on subadditivity
were found by Schultens and Scharlemann [22][23], and [22] in particular is of interest to us
here, because there lower bounds are established on the degeneration ratio of two (or more)
knots, defined by the formula
d(K1, K2) =
t(K1) + t(K2)− t(K1#K2)
t(K1) + t(K2)
.
Scharlemann and Schultens found that d(K1, K2) ≤ 35 for any prime knots K1 and K2 in
S3, and in the case that E(K1#K2) admits a strongly irreducible minimal genus Heegaard
splitting, d(K1, K2) ≤ 12 .
In the following paper, our main goal is to prove lower bounds on subadditivity of Heegaard
genus under toroidal and annular gluings. Section 2 is devoted to setting down notation,
definitions, and foundational propositions which the expert will find familiar. Section 3 is
devoted to the development of what might be called substitution machinery, and plays an
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essential in the proof of Section 4.
The main result of this paper is proved in Section 4. It shows that if M is obtained by
gluing M1 to M2 along a pair of incompressible tori T1 ⊂ ∂M1, T2 ⊂ ∂M2, and if M admits
a minimal genus Heegaard surface F which nicely (in the sense of satisfying Properties A
and B of Section 4) intersects the incompressible torus T ⊂ M which is the image of T1
and T2 after gluing, then g(M) ≥ max{g(M1), g(M2)} − 1. The examples of Schultens and
Wiedmann show this bound to be best possible. The philosophical approach the proof is
simple, although its execution is a bit technical. The idea is that, under sufficiently nice
circumstances, the surface F ∩M2 will cut M2 into compression bodies, and in a nice pat-
tern. We then take a close look at this pattern and create a simpler doppelga¨nger surface
Q properly embedded in the solid torus W which cuts it into handlebodies and also has a
pattern corresponding to the one left by F ∩M2 in M2. We then attach W to M1 instead
of M2, and in such a way that Q matches up nicely with F ∩M1 after the gluing to form a
closed Heegaard surface F ′ in M1 ∪W of genus less than or equal to F . After removing a
core of W we get back M1, and after at most one stabilization of F
′, we obtain a Heegaard
splitting of the desired kind.
In Section 5 we give applications of the main theorem. In the case when M is obtained by
a toroidal gluing of M1 and M2 along what we have called an E-incongruous gluing map, we
show that g(M) ≥ min{g(M1), g(M2)} − 1. The min term arises, as opposed to the max of
the general theorem, due to a lack of control over precisely which slope a Heegaard surface
might intersect the gluing torus. The main result is then applied with better force to the
case of a connected sum between knots, which can be interpreted as a very special form of
toroidal gluing that allows us to control the slope in which Heegaard surfaces intersect the
gluing torus. Here we deduce that t(K1#K2) ≥ max{t(K1), t(K2)} when either of K1 or K2
is m-small, or whenever a minimal genus Heegaard splitting of E(K2#K2) can be made to
intersect the decomposing annulus of the connected sum essentially. The latter assumption
is always realized when E(K1#K2) admits a strongly irreducible minimal genus splitting.
Section 6 is then devoted to small observations and conjectures which we believe likely
to be attainable using methods similar to those employed here. It also contains a con-
struction of an interesting class of examples of manifolds whose Heegaard genus persistently
decreases under toroidal gluing. Specifically for all n > 0 we construct n-component links
L = L1 ∪ · · · ∪ Ln ⊂ S3, n knots K1, · · ·Kn in S3, and homeomorphisms hi : ∂N(Li) →
∂N(Ki) such that g(M) = g(E(L)) − n, where M = E(L) ∪∪hi (
⋃
E(Ki)). And in
fact it is easy to see that if the gluing is performed in sequence, so that M0 = E(L),
M1 = E(L) ∪h1 E(K1), and more generally Mk = E(L) ∪h1∪···∪hk (E(K1) ∪ · · · ∪ E(Kk)),
then g(Mi ∪hi E(Ki)) = g(Mi) − 1 = max{g(Mi), g(E(Ki))} − 1. This does not improve
the result of Schultens and Wiedmann. It is distinct from their examples, which use Seifert
fibered spaces where we use non-trivial, non-torus link complements in S3, although it is
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similar because both constructions utilize bridge spheres of the knots Ki in the same fashion.
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2. Preliminaries
We assume an elementary level of knowledge regarding 3-manifold topology and knot the-
ory as presented in [?],[6], and [19]. Moreover, the more specialized material on Heegaard
splittings that occurs here is only very tersely presented; we recommend [?] and [20] to
unfamiliar readers.
We work in the PL category and we assume our manifolds to be oriented and our gluing
maps to be orientation preserving, although we rarely refer to orientations unless we need
to, or when special emphasis is warranted. A closed regular neighborhood of a polyhedron Y
embedded in a manifold X is denoted N(Y,X), and unless specified otherwise we implicitly
assume that choices are made to be small and mutually consistent with one another, so that
for any other polyhedron Z ⊂ X occuring in our argument, N(Y,X) ∩ Z = N(Y ∩ Z,Z)
(particularly, if Y ∩ Z = ∅, N(Y,X) ∩ Z = ∅). When X is understood we will write simply
N(Y ) for N(Y,X). With analogous conventions, let E(Y,X) = X \N(Y,X) denote the
exterior of Y in X, and define the frontier Fr(Y ) of Y to be N(Y,X)∩E(Y,X). Unless oth-
erwise specified we assume that embedded polyhedra meet one another in general position
and that all embeddings of manifolds are proper, meaning that if Y is a manifold embedded
in X, ∂Y is embedded in ∂X.
If X is a topological space with connected components X1, · · · , Xn, then Xˆ will denote the
set {X1, · · · , Xn}, and |X| will denote the cardinality of Xˆ. If two components of E(Y,X)
meet a common component N(Y ′) of N(Y ), we say they are adjacent along Yi. Finally, if
Y is a separating n manifold properly embedded in an n + 1-manifold X, the connectivity
graph CY is the graph which has one vertex corresponding to each component of E(Y,X)
and an edge corresponding to each component Y ′ of Y connecting the pair of vertices whose
corresponding components are adjacent along Y ′.
We now introduce a selection of definitions and some important propositions pertaining
to Heegaard splittings which are well-known to experts.
Definition 2.1. A compression body V is either a ball or is obtained from a thickened closed
surface F × I of positive genus by attaching 2-handles to F × {0} and 3-handles along any
resulting spherical boundary components. We define ∂+V = F × {1} and ∂−V = ∂V \ ∂+V .
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Definition 2.2. A spine of a compression body V is a graph X properly embedded in V so
that its univalent vertices lie in ∂−V , and so that E(X, V ) ∼= ∂+V × I. A core of V is a
disjoint union of simple closed curve embedded in a spine of V .
Definition 2.3. A disjoint collection D of pairwise non-isotopic compressing disks for a
compression body V is complete if each component of E(D, V ) is a ball or thickened surface.
Proposition 2.4. Let P be an incompressible surface properly embedded in a compression
body V . Then there exists a complete collection D of compressing disks for V which inter-
sects P only in essential arcs, if at all.
Proposition 2.5. If V is a compression body and P is an incompressible surface properly
embedded in V with ∂P ⊂ ∂+V , then E(P, V ) is a union of compression bodies.
Definition 2.6. An annulus A properly embedded in a compression body V is spanning if it
has one component on ∂+V and the other on ∂−V .
Proposition 2.7. If V is a compression body and P is a connected, incompressible, ∂-
incompressible surface properly embedded in V , then P is either a disk, a spanning annulus,
or isotopic into ∂−V .
Definition 2.8. A Heegaard splitting (V,W, F ) of a manifold M is a decomposition M =
V ∪W where each of V,W is a compression body and F = ∂+V = ∂+W = V ∩W . F is
called a Heegaard surface. The Heegaard genus g(M) of a manifold is the minimal genus of
a Heegaard surface for M .
Definition 2.9. A Heegaard splitting (V,W, F ) is said to be:
• Stabilized if there exist compressing disks D ⊂ V , D′ ⊂ W such that D∩D′ consists
of exactly one point.
• Reducible if there exist compressing disks D ⊂ V , D′ ⊂ W such that ∂D = ∂D′.
• Weakly reducible if there are compressing disks D ⊂ V , D′ ⊂ W such that D∩D′ = ∅
• Strongly irreducible if, for all compressing disks D ⊂ V , D′ ⊂ W , D ∩D′ 6= ∅
Every stabilized Heegaard splitting is reducible, and every reducible Heegaard splitting
is weakly reducible. By Haken’s lemma, only irreducible manifolds admit weakly reducible
or strongly irreducible Heegaard splittings, and it is a result of Casson and Gordon [2] that
every manifold which admits a weakly reducible Heegaard splitting is Haken. Subsequently
Scharlemann and Thompson [24] developed the theory of thin position in generalized Hee-
gaard splittings.
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Definition 2.10. A generalized Heegaard splitting ((V1,W1, F1), · · · , (Vn,Wn, Fn)) of a
manifold M is a decomposition M = M1 ∪ · · · ∪ Mn such that (Vi,Wi, Fi) forms a Hee-
gaard splitting for the submanifold Mi, Mi ∩Mi+1 = ∂−Wi = ∂−Vi+1 = Si for 1 ≤ i < n,
and Mi ∩Mj = ∅ whenever else i 6= j. The surfaces Fi are called the thick surfaces of the
generalized Heegaard splitting, while the surfaces Si are called thin surfaces.
There is process of untelescoping whereby a weakly irreducible Heegaard splitting (V,W, F )
is changed into a generalized Heegaard splitting ((V1,W1, F1), · · · , (Vn,Wn, Fn)) satisfying
g(F ) = Σg(Fi)−Σg(Si). Conversely, given a generalized Heegaard splitting ((V1,W1, F1), · · · , (Vn,Wn, Fn))
for M , one can always use the process of amalgamation to change it into a standard Hee-
gaard splitting (V,W, F ) of M satisfying the same equation above. It is not necessary to
recount the details of these processes for the purposes of this paper, but we will need the
following fact.
Proposition 2.11. If (V,W, F ) is a weakly reducible Heegaard splitting of M , then (V,W, F )
can be untelescoped to a generalized Heegaard splitting ((V1,W1, F1), · · · , (Vn,Wn, Fn)) such
that (Vi,Wi, Fi) is a strongly irreducible splitting of Mi for each 1 ≤ i ≤ n, and the thin
surfaces Si are incompressible in M for each 1 ≤ i < n.
We will call a generalized Heegaard splitting of the kind given by Proposition 2.11 fully
untelescoped.
Proposition 2.12. If ((V1,W1, F1), · · · , (Vn,Wn, Fn)) is a fully untelescoped generalized
Heegaard splitting for M , and P is an incompressible surface in M , then P can be iso-
toped to intersect each of the thin and thick surfaces only in mutually essential simple closed
curves.
3. Primitive Heirarchies
The propositions proved in this section amount roughly to the following cutting and past-
ing lemma for compression bodies: Given incompressible surfaces with boundary, P and P ′,
on the positive boundaries of compression bodies V and V ′ respectively, and an orientation
preserving homeomorphism h : P → P ′, the resulting manifold W = V ∪h V ′ is a com-
pression body if and only if P , considered as a surface embedded in W , admits a sequence
of ∂-compressions reducing it to a collection of disks. However, our construction of dop-
pelga¨nger surfaces in Section 4 depends on the extra information contained in a “primitive
heirarchy” as defined below, and so this cutting and pasting lemma must likewise be made
in the language of primitive heirarchies in order to ensure that our doppelga¨ngers do the job
we set out for them.
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Definition 3.1. Let P be a surface with non-empty boundary.
• A multi-arc is a finite, disjoint union α˜ = α1 ∪ · · · ∪ αn of essential arcs properly
embedded in P .
• A labeled multi-arc (α˜, l) is a multi-arc with an assigned labeling function l : ˆ˜α→ N.
• A partitioned multi-arc is an equivalence class of labeled multi-arcs [α˜, l] under the
relation defined as follows: (α˜, l) ∼ (α˜′, l′) if and only if α˜ = α˜′ and l = f ◦ l′ for
some bijection f : N→ N.
Definition 3.2. Let [α˜, l] be a partitioned multi-arc on the surface P , and suppose that β is
an arc properly embedded in P that is disjoint from α˜. Let ι : E(β, P )→ P be the inclusion
map, let γ˜ be the multi-arc on E(β, P ) obtained from the non-boundary parallel components
of ι−1(α˜), and let ι# : ˆ˜γ → ˆ˜α be given by α 7→ ι(α). Then the projection of [α˜, l] onto
E(β, P ) along β is defined by the equation pβ([α˜, l]) = [γ˜, l◦ ι#]. For an arc α ∈ ˆ˜α, we define
pβ(α) = ι
−1(α) when ι−1(α) is essential, and pβ(α) = 0 otherwise.
Definition 3.3. If [α˜, l] be a partitioned multi-arc on a surface P , then for any α ∈ ˆ˜α, let
s(α) = ∪(l−1 ◦ l(α)), and call the components of s(α) \ α the sister arcs of α. If α has no
sister arcs, it is said to be primitive. If α˜ itself consists of only one arc, we say that [α˜, l] is
primitive.
Definition 3.4. Let [α˜, l] be a partitioned multi-arc on a surface P . A primitive heirarchy
on P supported by [α˜, l] is a sequence (α1, · · · , αn) of elements from ˆ˜α satisfying the following
conditions:
• α1 is primitive in [α˜, l].
• For k > 1, pαk−1 ◦ pαk−2 ◦ · · · ◦ pα1(αk) 6= 0, but pαk−1 ◦ pαk−2 ◦ · · · ◦ pα1(α) = 0 for
every sister arc of αk in [α˜, l].
• Every component of E(α1 ∪ · · · ∪ αn, P ) is a disk.
It is an immediate consequence of this definition that if (α1, · · · , αn) is a primitive heirar-
chy on P supported by [α˜, l], and ι : E(α1, P )→ P is the inclusion map, then (ι−1(α2), · · · , ι−1(αn))
is a primitive heirarchy on E(α1, P ) supported by pα1([α˜, l]).
Definition 3.5. Given two partioned multi-arcs [α˜, l], [α˜′, l′] on a surface P such that
α˜ ∩ α˜′ = ∅, with im(l) ∩ im(l′) = ∅ (which can always be ensured by making an appro-
priate choice of l and l′), the amalgamation of [α˜, l] and [α˜′, l′] is the partitioned multi-arc
[α˜∪ α˜′, l∪ l′]. The amalgamation of k partitioned multi-arcs on a surface is defined similarly.
Definition 3.6. Let P be a subsurface of the boundary of a 3-manifold M and let F =
F1 ∪ · · · ∪ Fn be a disjoint union of connected surfaces Fi embedded in M which meet P
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Figure 1. A partitioned multi arc which supports a primitive hierarchy, as
displayed in a sequence of projections. Arcs of the same color are understood
to share a common label.
only in essential arcs on P . Then if α˜i = Fi ∩ P and li : ˆ˜αi → N is constant, then the
amalgamation [
⋃n
i=1 α˜i,
⋃n
i=1 li] is called the partitioned multi-arc induced by F .
Definition 3.7. Given a partioned multi-arc [α˜, l] on P and a homeomorphism h : P →
P ′, the pushforward of [α˜, l] onto P ′ along h, denoted h∗[α˜, l] is the partioned multi-arc
[h(α˜), l ◦ h−1# ], where h# is the induced map on sets.
The machinery defined above is recursive in nature and is thus particularly amenable
to inductive arguments. In the closing propositions of this section, we shall induct on the
following surface complexity. It is appropriate for our purposes because it decreases after
compressions and ∂-compressions, while ignoring disks and spheres.
Definition 3.8. Given a surface P , let P˜ ⊂ P be the union of the components of P which
are not disks or spheres. Define the complexity c(P ) of P to be the pair (−χ(P˜ ), |P˜ |), and
order complexities lexicographically.
The following proposition is well-known, although in the literature it is typically asserted
in less formal language by saying that P can be ∂-compressed down to a collection of disks.
Proposition 3.9. Let P be an incompressible surface properly embedded in a compression
body V such that ∂P ⊂ ∂+V , and each of whose connected components P1, · · ·Pk has non-
empty boundary. Let pij : Fr(Pj) → Pj be the bicollar projection for 1 ≤ j ≤ k. Then
E(P, V ) = V1 ∪ · · · ∪ Vn, where the union is disjoint and each Vi is a compression body, and
for 1 ≤ i ≤ n there are disjoint unions of compressing disks Di for Vi with the following
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properties.
• Di ∩ Fr(P ) consists entirely of essential arcs.
• pij(Di) ∩ pij(Dm) = ∅ for all j and i 6= m.
• If [α˜i, li] is the partioned multi-arc induced by Di, and pi = pi1 ∪ · · · ∪ pik then the
amalgamation [α˜, l] of all the partitioned multi-arcs pi∗[α˜i, li] supports a primitive
heirarchy on P .
Proof. Let D be a complete collection of disks for V which intersects P only in essential
arcs. Then for each component Vi of E(D, V ), the components of P ∩ Vi are incompressible
with nonempty boundary. In particular, if Vi is a ball then P ∩ Vi consists of disks. If Vi is
a thickened surface F × I parameterized so that F × {0} ⊂ ∂−V , then by Proposition 2.7
each component of P ∩ Vi is ∂-compressible.
We induct on c(P ∩E(D, V )). In the base case, every component of P ∩E(D, V ) is a disk.
If we let Di = D∩Vi, then the first condition is satisfied by our hypothesis on D, and after a
proper isotopy of these disks supported on a small open neighborhood of (
⋃n
i=1 Di)∩Fr(P )
in E(P, V ) we can ensure that the second condition is satisfied as well, and so (after this
isotopy) D′ = (
⋃n
i=1 Di) imposes a partitioned multi-arc on P .
For the third condition, let Y = P ∩D and let CY be the connectivity graph on Y in D,
which has trees as components, one for each disk component of D that intersects P . The
vertices of CY correspond to components of D′, and given a component D of D′, we let d(D)
denote the simplicial distance of its corresponding vertex in CY from the set of leaves (so
d(D) = 0 means that D is an outermost disk, and more generally d(D) = n− 1 means that
D can be described as n-th outermost in D with respect to Y ). Let σ : Dˆ′ → N be an
injective function which respects the ordering imposed by d, so that d(D) < d(D′) implies
σ(D) < σ(D′). For any D ∈ Dˆ′, pi(D ∩Fr(P )) has at most one arc component which is not
isotopic to an arc of pi((
⋃
σ(D′)<σ(D)D
′)∩Fr(P )) in P , call this arc αD if it exists (see Figure
2). Then the sequence (α1, · · · , αr) on the set of components of αD′ =
⋃
D∈D′ αD satisfying
σ(αs) < σ(αt) whenever s < t satisfies the first two conditions of Definition 3.4 required
to be a primitive heirarchy on [α˜, l]. Moreover, since every arc of D ∩ P is properly iso-
topic to an arc in αD′ in P , E(αD′ , P ) consists entirely of disks. Thus the base case is proved.
Now consider a surface P such that P ∩ E(D, V ) does not consist entirely of disks, and
assume that every surface of lower complexity satisfies the conclusions of the proposition.
Then there is an outermost ∂-compressing disk of P , and the surface P ′ obtained by ∂-
compressing P along D has lower complexity than P . Thus P ′ admits a collection of disks
D′ satisfying the conclusions of the proposition. Moreover, elementary general position argu-
ments ensure that D′ can be chosen so that it intersects N(D) only in disks whose boundary
lies in ∂N(D) \ Fr(D). It is then easy to verify that the union of disks (D′ ∩E(P, V )) ∪D
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Figure 2. A portion of a disk in D with the corresponding part of the con-
nectivity graph CY superimposed in red. The middle region corresponds to
the component D of D′, with its edge αD labeled. In this picture d(D) = 1.
also satisfies the conclusions of the theorem.

The following becomes the converse to Proposition 3.9 after making the additional as-
sumption that P and P ′ are incompressible.
Proposition 3.10. Let V and V ′ be unions of compression bodies, let P ⊂ ∂+V and P ′ ⊂
∂+V
′ be subsurfaces, and let h : P → P ′ be a homeomorphism. Suppose also that V and V ′
admit disjoint collections of compressing disks D = D1∪ · · · ∪Dk and D′ = Dk+1∪ · · · ∪Dn,
respectively, which satisfy the following properties:
• h(D ∩ P ) ∩ (D′ ∩ P ′) = ∅, and h(D ∩ P ) ∪ (D′ ∩ P ′) consists only of essential arcs
in P ′.
• The partitioned multi-arc [α˜, l] on h(P ) = P ′ induced by D∪D′ in V ∪h V ′ supports
a primitive heirarchy.
Then V ∪h V ′ is also a union of compression bodies.
Proof. W induct on the complexity c(P ). In the base case every component of P is a disk
and the proposition is trivial.
So suppose P is a surface with at least one non-disk component and assume the proposition
holds for all surfaces of complexity lower than c(P ). Let α be the first element of the primitive
heirarchy on P ′ = P \ {disks} supported by [α˜, l]. Then without loss of generality we may
assume that there is a disk component D of D′ such that D∩P ′ = α. Let W = V ∪hN(D),
W ′ = E(D, V ′), F = E(h−1(α), P )∪hFr(D, V ′) ⊂ W , and F ′ = E(α, P ′)∪Fr(D, V ′) ⊂ W ′.
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Then W and W ′ are both unions of compression bodies, and F is a surface of lower com-
plexity than P .
All boundary parallel arcs of D ∩ F in F can be removed via a proper isotopy of D in
W that leaves all the remaining arcs of D ∩ F unchanged, and likewise for the boundary
parallel arcs of (D′ \D) ∩ F ′ in W ′. The homeomorphism h|P∩F : P ∩ F → P ′ ∩ F ′ can be
extended to a homeomorphism g : F → F ′. Then g and the isotoped version of D ∪D′ \D
define a partitioned multi-arc [α˜′, l′] on F ′, and after an appropriate identification of F ′ with
E(α, P ′) (one given by a homeomorphism which restricts to the identity outside of a small
open neighborhood of Fr(α, P ′) in P ′ ∩ F ′), we see that in fact [α˜′, l′] = pα([α˜, l]).
By the remark immediately following Definition 3.4, it follows that [α˜′, l′] supports a
primitive heirarchy on F ′. Since F is of lower complexity than P , the induction hypothesis
tells us that W ∪gW ′ is a union handlebodies. Since W ∪gW ′ ∼= V ∪hV ′ the proof is finished.

4. Doppelga¨ngers
In this section, M1 and M2 are compact manifolds and, for i = 1, 2, Ti ⊂ ∂Mi are in-
compressible tori. Also h : T1 → T2 is a homeomorphism, M = M1 ∪h M2 with quotient
map pi : M1 ∪M2 → M , and T = pi(T1) = pi(T2) is the resulting incompressible torus in
M . In this section we prove that g(M) ≥ g(M1) − 1 under the assumption that M admits
a minimal genus splitting (F, V1, V2) satisfying the following conditions:
Property A: F intersects T only in essential simple closed curves.
Property B: The connectivity graph CF2 of F2 = F ∩M2 in M2 is simply connected.
It follows from Properties A and B that Pi = T ∩ Vi is a union of incompressible annuli,
and each component of E(Pi, Vi) is a compression body. Furthermore, by Proposition 3.9,
there are collections of compressing disks Di ⊂ Vi ∩M1 and Ei ⊂ Vi ∩M2 which induce par-
titioned multi-arcs [α˜i, li] and [β˜
i, pi] on Pi, the almagamation of which supports primitive
heirarchies (γi1, · · · , γin) on Pi, for i = 1, 2. Let λ ⊂ T be an oriented simple closed curve
with basepoint x which intersects each component of P1 and P2 in a single essential arc.
Then λ induces an indexing function λ# : Pˆ1 ∪ Pˆ2 → N given by letting λ#(P ′) be the order
in which λ intersects the component P ′, starting from x. Similarly, λ induces a circuit cλ on
the connectivity graph CF2 with basepoint on the vertex corresponding to the component of
E(F2,M2) on which x lies.
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Figure 3. A small region of N(T2) in M2. T2 itself is shaded, N(F2) is
translucent. The annular components P1∪P2 of E(∂N(F2), T2) are numbered
as by λ#, and components of E(F2,M2) are labeled with the same label as
their corresponding vertex in the connectivity graph for F2 in M2, a portion
of which appears in the upper left hand corner as determined by the diagram.
The dashed line indicates the corresponding portion of cλ as determined by
what can be seen of λ.
To prove the main proposition of this section, we construct an (M2, F2)-doppelga¨nger pair
(W,Q) where W is a solid torus and Q is a properly embedded surface in W with the fol-
lowing properties:
(1) Q ∩ ∂W = ∂Q consists of essential closed curves on ∂W , and every component of
E(Q,W ) is handlebody.
(2) For i = 1, 2, there exists a collection of compressing disks D′i embedded in E(Q,W )
which induces (after pushing forward along f) a partitioned multi-arc [ω˜i, q] on Pi
whose amalgamation with [α˜i, l] forms a partitioned multi-arc supporting a primitive
heirarchy on Pi.
(3) There is an isomorphism g : CQ → CF2 between the connectivity graphs of Q in
W and F2 in M2. Moreover, the Euler characteristic of the surface corresponding to
an edge e in CQ is always higher than that of the surface corresponding to g(e) in CF2 .
(4) There exists a homeomorphism f : (T1, ∂P1) → (∂W,Q) which preserves the circuit
cλ with respect to g. In other words, the circuit g(cλ) is the same as the circuit
imposed by the oriented simple closed curve f−1(λ) with basepoint f−1(x) on CQ.
ON THE HEEGAARD GENUS OF 3-MANIFOLDS OBTAINED BY GLUING 13
(5) The core of W can be embedded in Q.
From (1), (2) and Proposition 3.10 we deduce that every component of E(F1,M1) ∪f
E(Q,W ) is a compression body. From (3) and (4) it follows that F1 ∪f Q is connected and
of genus less than or equal to F . These facts together tell us that g(M) ≥ g(M1∪fW ). After
removing the core of W from M1 ∪W we obtain M1 again, and under this identification we
deduce from (5) that, after at most one stabilization, F1 ∪f Q is also a Heegaard surface
for M1. It then follows that g(M) ≥ g(M1) − 1 as claimed. From now on we will refer to
properties (1)-(5) as the Q properties.
The remainder of the section is devoted to the construction of (W,Q) and the proof that
it satisfies the Q properties. We fix a parameterization of W as S1×D, where S1 is the unit
circle parameterized by 0 ≤ ϕ < 2pi, and D is the closed unit disk in R2 centered at the ori-
gin, parameterized by polar coordinates (r, θ). Our gluing homeomorphism f : ∂T1 → ∂W
is the unique one (up to isotopy) which sends λ to a meridian {pt} × ∂D of W , and which
sends the curves of F1 ∩ T1 to longitudes S1 × {pt}.
Let X ⊂ W be an embedded graph with one central vertex c at {ϕ0} × (0, 0) ∈ S1 × D,
a finite number n > 1 of outer vertices x1, · · · , xn on {ϕ0} × ∂D, one radial edge connect-
ing each outer vertex to the central vertex, and for each outer vertex xi with coordinates
(ϕ0, 1, θi), one longitudinal edge S
1 × (1, θi) connecting xi to itself. Then X is said to be
a connected spoked graph in W , and (any choice of) Fr(X,W ) is called a connected spoked
surface for V with spine X. A finite, disjoint union of connected spoked graphs X˜ will
simply be called a spoked graph, and Fr(X˜) then is said to be a spoked surface. Moreover,
we call E(X˜,W ) a spoked chamber.
If S is a connected spoked surface in W , then the two components of E(S,W ) are home-
omorphic. In fact, if S = ∂N(X) for a connected spoked graph X, then after translating X
in the ϕ direction and rotating it slightly in the θ direction so that the resulting graph X ′ is
disjoint from N(X) and has one longitudinal edge in each annulus component of ∂W \N(X),
X ′ is also a spine of S. We will say that X ′ is dual to X.
It follows that if S is a (not necessarily connected) spoked surface with spine X˜, and S
is a component with spine X ⊂ X˜, then we can perform an ambient isotopy of W , which
takes all of E(X,W ) onto a small closed neighborhood N(X ′,W ) of some dual spine X ′ of
X. Then given any other spoked graph X˜ ′ disjoint from N(X ′,W ), S ′ = S ∪ ∂N(X˜ ′) will
become another spoked surface embedded in W having S as a component. In this way we
see that S can be made to cobound spoked chambers of any kind we choose on either side
(subject only to the condition that they are cobounded by S, of course). This process can
then be repeated with each of the components of ∂N(X˜ ′), and so on again. We refer to this
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as the free nesting property of spoked surfaces.
It is an immediate consequence of the free nesting property that, for any tree T , we can
construct a surface Q′ ⊂ W such that each component of Q′ is a spoked surface, each com-
ponent of E(Q′,W ) is a spoked chamber (and thus a handlebody), and whose connectivity
graph C ′Q is isomorphic to T . It is clear that the Q properties (1) and (5) hold for any such
surface, but the remaining Q properties ask for a bit more precision.
Let µ = {0} × ∂D, we may assume f(µ) = λ. The points of f−1(∂F1 ∩ λ) subdivide µ
into arcs a1, · · · a2n, where we assume the arc f(aj) lies on the annulus A ∈ Pˆ1 ∪ Pˆ2 satisfy-
ing λ#(A) = j. In other words we have ordered the arcs aj to correspond to the ordering
λ imposed on the annuli Pˆ1 ∪ Pˆ2. Finally, to any aj we associate the vertex v(aj) of CF2
corresponding to the component of E(F2,M2) which pi ◦ f(aj) intersects.
Now, given an arbitrary vertex v of CF2 , we construct a spoked chamber in W as follows.
First let A = {aj1 , · · · , ajl} be the set of all subarcs satisfying v(aj) = v. Since CF2 is a
tree, as we travel around µ from ajs to ajs+1 , we know that v(ajs+1) = v(ajs+1−1). That is, µ
always comes back the same way it came. Thus we can unambiguously associate the vertex
v(ajs+1) of CF2 to the complementary subarc of ∪A in µ which lies between ajs and ajs+1 .
The same can be done for all of the complementary subarcs r1, · · · rl of ∪A in µ, and we
let v(rj) denote the vertex of CF2 associated to rj in this fashion. We let W be the set of
vertices in CF2 adjacent to v.
Let yj be a longitude of ∂W lying in S
1 × rj. For each subset of R = {r1, · · · , rl} of the
form Rw = {r ∈ R : v(r) = w}, w ∈ W , we can embed a connected spoked graph Xw in W
which has central vertex cw = (ϕw, 0, 0) and longitudinal edges yj associated with the set
Rw. Moreover we choose N(Xv) so that N(Xw) ∩ ∂W = S1 × ∪Rw, which ensures that the
intersection of ∂N(Xw) with ∂W lies in f
−1(F1 ∩ T1). We now need to specify the values of
ϕw more closely in order to ensure that Q-property 2 will hold.
Now, for every aj, 1 ≤ j ≤ 2n we can let γ(aj) be the arc γik which lies on the same
element of Pˆ1 ∪ Pˆ2 as f(aj), for i = 1, 2 (recall that (γi1, · · · , γn1 ) was our primitive hierarchy
on Pi). This correspondence is a bijection. Moreover, since v(ajs) = v for all ajs ∈ A, we
may assume without loss of generality that γ(ajs) is always one of the arcs γ
1
k. Call an arc
ajs a connector if the subarcs rs, rs+1 adjacent to it have the property v(rs) 6= v(rs+1), and
in this case say that ajs connects v(rs) to v(rs+1). Let B = {b1, · · · , bt} ⊂ A be the set
of all connectors, indexed so that i < j implies that γ(bi) appears earlier in the primitive
hierarchy (γi1, · · · , γn1 ) than γ(bj).
The connector b1 will connect two distinct vertices of CF2 , call them w0 and w1, and let
ϕw0 = 0, ϕw1 = pi. Suppose now we have defined ϕw for every vertex w ∈ Wk, where Wk is
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the set of all vertices in CF2 which are connected to some other vertex in CF2 by an element
in {b1, · · · , bk} (so for example W1 = {w0, w1}). Then there are three possibilities we must
consider when defining ϕw for the elements w ∈ Wk+1.
The first possibility is that the two vertices, call them w and w′, connected by bk+1 both
already lie in Wk, so that Wk+1 =Wk and there is nothing to do.
The second possibility is that neither of w or w′ lies in Wk, in that case define ϕw < 2pi
and ϕw′ < 2pi so that both are distinct and larger than any of the values ϕw′′ for w
′′ ∈ Wk.
The third possibility is that w lies inWk while w′ does not, and here it is necessary to look
a little bit closer at Wk. Let ∼ be the smallest equivalence relation on Wk ×Wk containing
the points (w′′, w′′′) where b connects w′′ to w′′′, and call the subsets in the partition of Wk
coming from ∼ cluster sets. If W˜ is the cluster set containing w, then define ϕw′ < 2pi to
be larger than any angle ϕw′′ for w
′′ ∈ W˜ , but smaller than any other angle ϕw′′′ having the
same property, for w′′′ in Wk.
With the set of values for ϕw are inductively defined as above for w ∈ W , we will say
that the spoked graph X˜v =
⋃
w∈W Xw is well clustered with respect to the primitive hierar-
chies (γi1, · · · , γin), and likewise for the chamber Wv = E(X˜v,W ) associated to v. Using the
free nesting property on each of the surfaces ∂N(Xw), we can repeat the entire process for
each vertex in W , and continue in this way along all of CF2 until we have built Wz and its
associated surfaces for every vertex z in CF2 . The union of the resulting surfaces will be Q,
and it is clear that the Q-properties (3) and (4) hold for Q. The only thing left to verify is
Q-property (2). For simplicity we will restrict our attention to what is happening in V1, the
proof for the V2 side is identical.
I will induct on n, the number of components of P1. In the base case n = 1, Q is just
an annulus with longitudinal boundary components which cuts Q into two solid tori com-
ponents W1,W2, and we can let the disk set D
′
1 be the meridian disk of W1, isotoped so as
to ensure it intersects f−1(P1) in a single arc disjoint from α˜1.
Now assume Property (2) holds in our construction for all values less than n, n > 1. Let
γ11 be the first element in our primitive hierarchy, and suppose that γ
1
1 was one of the arcs β
in β˜1. Then β, being primitive, cobounds a disk D in some component of E(F2,M2) which is
otherwise disjoint from P1, and thus ∂β lies on a single component of F2. This then implies
that the boundary of f−1 ◦ h−1(β) lies on a single component Q′ of Q.
Let f−1(P ′) be the component of f−1(P1) on which f−1 ◦ h−1(β) lies, and let W ′ be the
component of E(Q,W ) whose boundary meets f−1(P ′). Since Q′ is a spoked surface and
β is an essential arc on an annulus lying between a pair of adjacent radial edges of the
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spine of Q′, we have an obvious compressing disk D with ∂D = β ∪ β′, where β′ = D ∩ Q.
E(D,W ′) can then itself be regarded as a spoked chamber whose surfaces are well clustered
with respect to the primitive hierarchy (γ12 , · · · , γ1n) on the surface P1 \P ′. By the inductive
hypothesis we then have a disk set D′′1 satisfying Property (2) with respect to this hierarchy,
which can be chosen disjoint from D by standard transversality arguments (we merely need
∂D′′1 ∩Q′′ not to intersect the disks Fr(D), where Q′′ is the surface obtained from Q′ via a
compression along D, i.e. Q′′ = E(∂D,Q′)∪Fr(D)). It then follows that D′1 = D ∪D′′1 is a
disk set satisfying Property (2) with respect to the primitive hierarchy (γ11 , · · · , γ1n) on P1,
as required.
To complete the induction, we must consider the second possibility where γ11 is one of the
arcs α in α˜1. Let P ′ be the component of P1 on which α lies, and let W ′ be the component
of E(Q,W ) meeting f−1(α). If the boundary of f−1(α) does meet the same component of
Q, then we argue as before. However it is possible that it meets distinct components Q′ and
Q′′ of Q, and here is where we use the fact that Q is well clustered For if XQ′ and XQ′′ are
the spines associated with Q′ and Q′′ in our construction of the chamber W ′, then the fact
that Q is well-clustered tells us that there are no components of Q lying between Q′ and
Q′′ in the positive ϕ direction. Moreover, the surface Q′′′ = ∂E(P ′,W ′), is also a spoked
surface, and in fact it is well-clustered with respect to the primive hierarchy (γ12 , · · · , γ1n) of
the surface P1 \P ′, and so by the inductive hypothesis we obtain a collection of disks D′′1 in
E(f−1(α),W ′) satisfying Property (2). A component D of D′′1 will be properly embedded
in W ′ unless ∂D meets Fr(P ′,W ′), although we can assume this meeting consists only of
essential arcs on Fr(P ′,W ′). In this case, we may extend each such disk into N(P ′,W ′)
to obtain a new disk properly embedded in W ′ and disjoint from f−1(α). Let D′1 be the
collection of disks resulting from this extension, completing the proof.
We have now completed our construction of the Doppelga¨nger (W,Q) of (M2, F2), and
have thus proved the main theorem of this section. Moreover, since every component of Q is
planar and has the same number of boundary components as the corresponding component
of F2, we can in fact deduce g(M) ≥ g(M1)− 1 + g(F2), where g(F2) denotes the sum of the
genera of the components of F2.
5. Applications
Definition 5.1. Let M be a compact 3-manifold and T a torus boundary component of M .
Define the E-slopes of (M,T ), denoted E(M,T ), to be the set of essential slopes [α] on T
for which there exists a connected, orientable, incompressible, non-boundary parallel surface
F properly embedded in M such that ∂F ⊂ T and such that α can be homotoped onto each
component of ∂F in T .
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Define the H-slopes of (M,T ), denoted H(M,T ), to be the set of slopes [α] in T for which
there exists a non-separating, orientable surface F properly embedded in M such that ∂F ⊂ T
and such that α can be homotoped onto each component of ∂F in T .
Proposition 5.2. Let M be a compact 3-manifold and T a torus boundary component of
M . Then H(M,T ) ⊂ E(M,T ).
Proof. If F is a non-separating, orientable surface with ∂F ⊂ T and boundary components
of slope [α], then after maximally compressing F and removing any separating components,
we will obtain an incompressible surface F ′ with the same properties. Since F ′ is non-
separating, it cannot be boundary parallel.

Definition 5.3. Let M1 and M2 be compact 3-manifolds and let T1 and T2 be torus boundary
components of M1 and M2, respectively.
A homeomorphism h : T1 → T2 is said to be E-incongruous if h∗(E(M1, T1))∩E(M2, T2) =
∅, where h∗ is the map induced on homology.
If M1 and M2 are compact irreducible 3-manifolds with ∂Mi consisting entirely of tori
for i = 1, 2, then a famous result of Hatcher’s (reference) implies that E-incongruous maps
are, in a strong sense, generic. In fact, when ∂Mi consists only of the torus Ti for i = 1, 2,
Hatcher’s result tells us that all but a finite number of isotopy classes of homeomorphisms
h : T1 → T2 will be E-incongruous.
Proposition 5.4. Let M1 and M2 be compact 3-manifolds and let T1 and T2 be incompress-
ible torus boundary components of M1 and M2, respectively. If h : T1 → T2 is E-incongruous,
and M = M1 ∪hM2 then g(M) ≥ min{g(M1), g(M2)} − 1.
Proof. Let pi : M1 ∪M2 → M1 ∪h M2 be the quotient map, and let T = pi(T1) = pi(T2). It
is a straightforward excercise to verify that a prime factorization of M can be found whose
decomposing spheres S are disjoint from T because it is incompressible. Thus, by Haken’s
lemma, it suffices to prove the proposition in the case that each of M1 and M2 is irreducible,
in which case M is also irreducible, again by the incompressibility of T .
By Proposition 2.11, any minimal genus Heegaard splitting F of M can be fully untele-
scoped to a generalized Heegaard splitting ((V1,W1, F1), · · · , (Vn,Wn, Fn)) whose thick and
thin surfaces intersect T only in mutually essential simple closed curves, and for one of the
manifolds M1 or M2, the E-incongruity of h ensures us that the slope of intersection is not
an E slope. Suppose it is M1. Then if a thin surface intersects T it intersects M1 only in
boundary parallel annuli, and thus after minimizing the intersection of the thick and thin
surfaces with T every thin surface will be disjoint from T .
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This leaves only two possibilities. The first is that T is disjoint from every thick surface as
well, in which case its incompressibility implies that it is isotopic to a thin surface, and we
can deduce g(M) ≥ g(M1)+g(M2)−1. The second is that T intersects a single thick surface,
say F1. In this case we restrict our attention to the manifold M
′ = (V1∪W1) ⊂M . Since the
slope determined by F1∩T is not in E(M1, T ), it is not inH(M1, T ), and therefore also not in
H(M1∩M ′, T ). It follows that the connectivity graph of F1∩(M1∩M ′) is simply connected,
and thus we can construct a doppelga¨nger pair (W,Q) for (M1 ∩M ′, F1 ∩ (M1 ∩M ′)) as in
Section 4, and deduce that g(M) ≥ g(M2)− 1.

If the connectivity graph of F1 ∩Mi were known to be simply connected for i = 1, 2 in
the proof above, we could have deduced g(M) ≥ max{g(M1), g(M2)} − 1. We now restrict
our attention to cases where we have more control over the intersection F1 ∩ T .
Definition 5.5. Given two manifolds M1 and M2 with boundary, let A1 ⊂ ∂M1 and
A2 ⊂ ∂M2 be annuli. Then the annular sum (M1, A1)#∂(M2, A2) of (M1, A1) and (M2, A2)
is M1 ∪hM2, where h : A1 → A2 is a homeomorphism.
Assuming as always that M1 and M2 are oriented and h is orientation preserving, there
is only one annular sum (M1, A1)#∂(M2, A2), which is why we omit h from our notation. If
K1 ⊂M1 and K2 ⊂M2 are knots, then it is well known that E(K1#K2) is just the annular
sum of E(K1,M1) with E(K2,M2) along meridional annuli. One can similarly define a con-
nected sum between graphs embedded in a manifold which depends on the choice of edges
and orientations that reduces to an annular sum.
Proposition 5.6. Suppose A is an annulus embedded in M1 such that A∩M1 = ∂A∩M1 is
a single core curve of an annulus A1 ⊂ ∂M1, and let c be the other component of A. Suppose
A2 is an annulus contained in a torus boundary component T of M2. Then the annular sum
(M1, A1)#∂(M2, A2) ∼= E(c,M1)∪hM2, where h : ∂N(c)→ T is a homeomorphism mapping
the curve A ∩ ∂N(c) to the core of A2.
Proof. Choose a regular neighborhood N(A,M1) = V just large enough so that N(c) ⊂
N˚(A,M1) and so that V ∩ ∂M1 = A1. The manifold E(c, V ) ∪h M2 is homeomorphic to
M2 since E(c, V ) is just a thickened torus, and likewise M1 is homeomorphic to M1 \ V .
Since M1 \ V meets (E(c, V ) ∪h M2) in an annulus A′ which is isotopic both to A1 in M1,
and A2 in E(c, V ) ∪h M2, we have E(c,M1) ∪h M2 = (M1 \ V ,A′)#∂(E(c, V ) ∪h M2, A′) ∼=
(M1, A1)#∂(M2, A2).

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Definition 5.7. A compact 3-manifold M is said to be a near homology sphere, or simply
an H-sphere, if every oriented, closed surface properly embedded in M is separating.
The following proposition allows us to control the slope in which generalized Heegaard
surfaces intersect our gluing tori.
Proposition 5.8. Suppose M1 is a 3-manifold, T1 ⊂ ∂M1 is an incompressible torus, and
that there is an annulus A properly embedded in M1 with one boundary component c on
T1 and the other on a different component of ∂M1. Suppose M2 is another 3-manifold
with incompressible torus boundary component T2, h : T1 → T2 is any homeomorphism,
pi : M1 ∪ M2 → M1 ∪h M2 is the quotient map, and T = pi(T1) = pi(T2). Then if
((V1,W1, F1), · · · , (Vn,Wn, Fn)) is a fully untelescoped Heegaard splitting of M , every thick
and thin surface can be isotoped to intersect T only in arcs homotopic to pi(c) in T .
Proof. If M ′ is the manifold obtained from M1 via a Dehn filling of M1 along any slope of
T1 whose geometric intersection number [c] is 1, then M1 ∪h M2 can instead be viewed as
an annular sum between M ′ and M2 as in the previous proof. More specifically, if we let
V = N(A ∪ T1,M1), then the annulus A′ = ∂V \ ∂M1 can be viewed as the annulus along
which the annular sum is taken as in the proof of Proposition 5.6, where we have identified
M ′ with M1 \ V . Since T is incompressible in M , so must be pi(A′), so we may isotope
the thick and thin surfaces of ((V1,W1, F1), · · · , (Vn,Wn, Fn)) so that they intersect pi(A′)
only in essential simple closed curves. Choose a collar neighborhood W of ∂V \ T1 in V
small enough so that pi(W ) intersects the thick and thin surfaces only in vertical annuli and
isotope T onto pi(∂W \∂V ). Reversing this isotopy ambiently induces an isotopy of the thick
and thin surfaces which brings them to intersect T in the desired fashion.

Definition 5.9. Let K be a knot in a compact 3-manifold M . K is said to be m-small if
the meridian slope of K does not lie in E(E(K,M), ∂N(K)).
Definition 5.10. A knot K ⊂M is said to be strongly non-trivial if ∂N(K) is incompress-
ible in E(K,M).
Proposition 5.11. Suppose K is a strongly non-trivial m-small knot in the H-sphere M1
with meridional annulus A1 ⊂ ∂N(K), and X is a graph in the H-sphere M2 with merid-
ional annulus A2 ⊂ ∂N(X). Then g((E(K,M1), A1)#∂(E(X,M2), A2)) ≥ max{g(E(K))−
1, g(E(X))}, and in the case that X is a knot, g((E(K,M1), A1)#∂(E(X,M2), A2)) ≥
max{g(E(K)), g(E(X))}
Proof. Let µ ⊂ E˚(X,M2) be the boundary of a disk D that intersects ∂N(X) in a core curve
of A2, and which intersects X in a single point. Let [µ
′] be the slope of ∂N(µ) determined
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by D∩∂N(µ). We will think of (E(K,M1), A1)#∂(E(X,M2), A2) as E(K,M1)∪hE(X ∪µ)
via a gluing map h : ∂N(K) → ∂N(µ) which sends the meridian of K to µ′. Let T be the
image of ∂N(µ) and ∂N(K) under the quotient map pi as usual. By hypothesis ∂N(K) is
incompressible in E(K,M1). Since the torus ∂N(µ) is compressible along D in E(µ,M2),
any compressing disk D′ for ∂N(µ) must meet ∂N(µ) in the same slope [µ′] as D. There-
fore, if ∂N(µ) were compressible along some disk D′ in E(X ∪ µ,M2), we obtain a sphere
S = D ∪D′ ∪ A′, where A′ ⊂ N(µ) is an annulus such that ∂A′ = ∂D ∪ ∂D′. But S then
meets X in a single point, which implies that S is non-separating in M2, contrary to our
hypothesis the M2 is an H-sphere. It follows that ∂N(µ) is incompressible in E(X ∪µ,M2),
and thus T is incompressible.
Let ((V1,W1, F1), · · · , (Vn,Wn, Fn)) be a fully untelescoped generalized Heegaard split-
ting of (E(K,M1), A1)#∂(E(X,M2), A2). Then by Proposition 5.8 we may assume that
its thick and thin surfaces intersect T only in curves isotopic to the image of the meridian
of K under the quotient map, and so as in the proof of Proposition 5.4 we may isotope
all the thin surfaces away from T . We assume that T intersects one thick surface, say
F1, otherwise we could deduce a stronger inequality as in the proof of Proposition 5.4.
Since M1 is an H-sphere and F1 meets ∂N(K) only in meridians, the connectivity graph
of F1 ∩E(K,M1) is simply connected, and so we can construct a doppelga¨nger pair (W,Q)
for (E(K,M1), F1 ∩ E(K,M1). However, attaching the solid torus W to E(X ∪ µ,M2) in
the way prescribed in Section 4 amounts to a Dehn filling along ∂N(µ) whose filling slope
has geometric intersection number 1 with [µ′], and this simply gives back E(X,M2). Thus
g((E(K,M1), A1)#∂(E(X,M2), A2)) ≥ g(E(X,M2)).
We can also construct a doppelga¨nger pair (W ′, Q′) for (E(X∪µ,M2), F1∩E(X∪µ,M2)),
because the connectivity graph of F1∩E(X∪µ,M2) must also be simply connected. For if not,
then some component, say F , of F1∩E(X∪µ,M2), will be non-separating in E(X∪µ,M2). If
D is the disk defined in the first paragraph, we may assume that F , considered as a surface in
E(µ,M2), intersects D only in simple closed curves in its interior. If an innermost such curve
of this intersection bounds a disk ∆ ⊂ D which does not contain the point K ∩D, then the
result of compressing F along ∆ will have at least one non-separating component which we
replace F with. We may continue this process until we arrive at a non-separating surface F ′
which intersects D only in curves which bound disks ∆ ⊂ D which do contain K ∩D. Let α
be an outermost such curve of intersection, which will cobound an annulus A′ ⊂ D with ∂D.
The surface obtained by compressing F ′ along A′ will contain at least one non-separating
component, which we replace F ′ with. This process can be continued until we arrive at a
non-separating surface F ′′ such that D ∩ F ′′ = ∅. If two components of ∂F ′′ meet ∂N(µ)
with opposite orientation induced by F ′′ and cobound an annulus A′′ ⊂ ∂N(µ) disjoint from
the rest of ∂F ′′, then the surface which results from isotoping the surface F ′′∪A′′ away from
∂N(µ) near A′′ will again be an orientable non-separating surface. Repeating this process
eventually results in a surface F ′′′. F ′′′ cannot be closed for this would contradict the fact
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that E(X ∪ µ,M2) is an H-space, thus ∂F ′′′ meets ∂N(µ) in curves all having the same ori-
entation induced by F ′′′. But then if we consider F ′′′ as a surface embedded (non-properly)
in E(X,M2), we can create yet another orientable surface F
4 by attaching parallel copies
of the annulus D ∩ E(X,M2) along the boundary components of F ′′′. F 4 is then a surface
properly embedded in E(X,M2), and moreover every component of ∂F
4 ⊂ meets ∂N(X) in
meridional curves all having the same orientation, which implies that F 4 is non-separating
in E(X,M2). But then we may attach meridian disks of N(X) to F
4 and thereby obtain a
non-separating closed orientable surface F 5 ⊂ M2, which is absurd. Thus the connectivity
graph of F1 ∩ E(X ∪ µ,M2) must be simply connected after all, and the proof is finished.
If X is actually a knot, then the final statement of the proposition follows easily from
Proposition 5.12 below.

Proposition 5.12. Suppose K1 and K2 are non-trivial knots in H-spheres M1 and M2, re-
spectively, and that there exists a minimal genus Heegaard surface F of E(K1#K2,M1#M2)
such that F ∩A consists only of essential curves, where A is the decomposing annulus of the
connected sum. Then g(E(K1#K2,M1#M2) ≥ max{g(E(K1,M1), g(E(K2,M2))}.
Proof. Let E(K1#K2,M1#M2) be obtained as E(K1∪µ)∪hE(K2) via a gluing h : ∂N(µ)→
∂N(K2) for some meridian µ of K1 as usual, let pi be the quotient map as usual, and let
T = pi(∂N(µ)) = pi(∂N(K2)) as usual. Then, as in the proof of Proposition 5.8, we may
isotope T so that it intersects F only in essential simple closed curves with a desirable slope
which ensures that the connectivity graphs of F ∩E(K1∪µ) and F ∩E(K2) are both simply
connected, and so as in Proposition 5.11 we obtain g(E(K1#K2)) ≥ g(E(K1)). Reverse the
roles of K1 and K2 in the argument above to complete the proof.

The following observation is an immediate consequence of Propositions 2.12 and 5.12.
Proposition 5.13. If K1 and K2 are knots in H-spheres M1 and M2, and g(E(K1#K2)) <
max(g(E(K1), g(E(K2))), then every minimal genus Heegaard splitting of E(K1#K2) is
weakly reducible and intersects the decomposing annulus inessentially.
6. Concluding Observations
We have been careful to stay nearly as general as possible throughout this paper. We
have not, for example, required our manifolds be closed, so that all of the results above
on connected sums of knots and graphs can be applied equally well to connected sums of
links. Also the class of H-spheres is fairly large. To begin with, any compact 3-manifold N
embedded in a compact 3-manifold M satisfying H2(M,∂M) = 0 is an H-sphere. We also
have the following proposition.
22 TRENT SCHIRMER
Proposition 6.1. If M is an H-sphere with a torus boundary component T , then for all but
at most one slope on T , a Dehn filling of M along T yields another H-sphere.
Proof. First note that if F ⊂ M is an orientable, non-separating surface properly embed-
ded in M with ∂F ⊂ T , then [∂F ] 6= 0 ∈ H1(T ). For if [∂F ] = 0 then we can find two
components α and β of ∂F with opposite F -induced orientations on T and which cobound
an annulus A ⊂ T disjoint from the remainder of ∂F . The surface F ′ obtained by pushing
the surface F ∪A away from T near A is then also an orientable and non-separating surface
with [∂F ′] = 0 in H1(T ). Repeating this process eventually yields a closed, orientable, non-
separating surface in M , which is absurd.
The “Half lives, half dies” lemma tells us that for any compact orientable 3-manifold M ′,
the image of the homology boundary map H2(M
′, ∂M ′) → H1(∂M ′) is half the rank of
H1(∂M) (reference). Thus there is only one possible slope [α] in which the boundary com-
ponents of an orientable, non-separating surface embedded in M with ∂F ⊂ T can intersect
T .
So suppose a Dehn filling of M along a slope in T different from [α] yields a manifold
M ′ which is not an H-sphere, and let F be a closed, orientable, non-separating surface in
M ′. If V is the surgery torus, then by shrinking V if necessary we can assume it meets F
only in meridian disks. But this means that F ′ = F ∩M is non-separating even though ∂F ′
intersects T in a slope different from [α], if at all. This is absurd.

There is good reason to believe that further progress can be made on the subject consid-
ered here, and using similar methods to those employed here. In particular, the following
proposition can very likely be proven true via a strengthening of the doppelga¨nger construc-
tion of Section 4.
Conjecture 6.2. Given any pair of non-trivial knots K1 and K2 in H-spheres K1 and K2,
g(E(K1#K2)) ≥ max{g(E(K1)), g(E(K2))}.
Conjecture 6.2 is not true if we drop the condition that K1 and K2 lie in H-spheres, as
is clear by setting K1 = S
1 × {pt} ⊂ S1 × S2, nevertheless it may be possible to substitute
a weaker condition (notice, for example, that ∂N(S1 × {pt}) is compressible in S1 × S2).
In any event, the very first instance of tunnel number subadditivity, found by Morimoto in
(reference), shows that this conjecture is best possible, in fact it even shows that the lower
bound of Proposition 5.11 is best possible. Moreover, the subadditivity examples of (refer-
ence, reference, and reference) all realize this lower bound and allow for, or even require,
that one of the knots involved is m-small.
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With much less evidence or hope of a proof, we say that the following much stronger
proposition might also be true.
Conjecture 6.3. Let M1 be a compact orientable 3-manifold with incompressible bound-
ary component F1, let M2 be a compact orientable 3-manifold with incompressible bound-
ary component F2, and let h : F1 → F2 be any homeomorphism. Then g(M1 ∪h M2) ≥
max{g(M1), g(M2)} − g(F1).
It is more plausible that Conjecture 6.3 can be proven in the case g(F1) = 1 using aug-
mented versions of the doppelga¨nger technique employed in this paper, and it is highly
plausible that it can be proven in the case g(F1) = 1 over a suitably restricted class of
compact orientable 3-manifolds and gluing maps. If true, Conjecture 6.3 is best possible,
as has already been shown by the examples of Schultens and Wiedmann. In fact there are
even more examples.
Proposition 6.4. There exists an infinite family of knot pairs K1 and K2 in S
3 and gluing
maps h : ∂N(K1)→ ∂N(K2) such that g(M) = g(E(K1))−1, where M = E(K1)∪hE(K2).
Proof. It is a result of Nogueira [16] that there is an infinite family of knots K1 ⊂ S3 with
the following properties:
(1) There exists a sphere S1 ⊂ S3 intersecting K1 exactly four times, and such that for
each component B of E(S1, S
3), E(K1 ∩B,B) is a handlebody.
(2) g(E(K1)) = 4
Let K2 be any 2-bridge knot in S
3 with 2-bridge sphere S2, and let h : ∂N(K1)→ ∂N(K2)
be any homeomorphism such that h(S1 ∩ ∂N(K1)) = S2 ∩ ∂N(K2). Then, for each com-
ponent B′ of E(S2, E(K1)), the annuli Fr(K2 ∩ B′) are primitive because S2 is a bridge
sphere. By Proposition 3.10, it then follows that the surface (S1 ∩ E(K1)) ∪h (S2 ∩ E(K2))
is a Heegaard surface for M , one whose genus is only 3.

It is also worth remarking that there are cases where a manifold’s Heegaard genus repeat-
edly decreases under gluings along its incompressible boundary tori.
Proposition 6.5. For arbitrary n > 0 there exists an infinite family of n-component links
L = L1 ∪ · · · ∪ Ln ⊂ S3, n knots K1, · · ·Kn in S3, and homeomorphisms hi : ∂N(Li) →
∂N(Ki) such that g(M) = g(E(L))− n, where M = E(L) ∪∪hi (
⋃
E(Ki)).
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Proof. The case n = 1 is just Proposition 6.4. Using the method of [26], we may construct
a link L = L1 ∪ · · · ∪ Ln and a surface S = S1 ∪ S2 which is a disjoint union of two spheres
in S3, with the following properties:
(1) |Sj ∩ Li| = 4 for j = 1, 2, and 1 ≤ i ≤ n
(2) For each component B of E(S), E(L ∩B,B) is a handlebody.
(3) g(E(L)) = 4n− 1
Let Ki be a 2-bridge knot with 2-bridge sphere S
′
i in S
3, 1 ≤ i ≤ n, and let hi : ∂N(Li)→
∂N(Ki) be a homeomorphism which takes S∩∂N(Li) to S ′i∩∂N(Ki). Then for all 1 ≤ i ≤ n
the annuli Fr(Ki∩B′) are primitive in the handlebodies E(Ki∩B′, B′) for each component
B′ of E(S ′i), and so we can deduce that the surface F = (S ∩ E(L)) ∪∪hi (
⋃
(S ′i ∩ E(Ki)) is
a Heegaard surface of M . And it is easily verified that g(F ) = 3n− 1.

It is perhaps not surprising that the knots of Proposition 6.4 and the links of Proposition
6.5 were constructed (independently) by Nogueira and the author to serve as instances of
knots and links which experience high levels of tunnel number degeneration. In [27], the
author has also shown that all of the knots and links constructed in [26], which are there
named optimal links, have the property that g(E(L)) ≥ g(M)−n, where n is the number of
components of L and where M is any manifold obtained via Dehn filling along an integral
n-tuple of slopes of ∂N(L).
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